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Abstract: By taking the controlled two-compartment model with two slow excitation frequencies as an
example, the influence of different frequency on the dynamics as well as the generation mechanism of
the various complex behaviors is investigated. A slow variable expression is used to model multiple
external excitation terms, and the system is transformed into a coupled fast and slow hybrid system.
From the traditional point of view of fast and slow analysis, the relationship between bifurcation mode
and corresponding bifurcation behavior and slow variable parameters is explored. It is found that the
system can generate multi-mode bursting oscillations if there exists an order gap between the exciting

frequency and the natural one. Our results show that different frequencies have great influence on the
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bifurcation structure of the system. It is indicated that both of the multi-equilibria states and various
bifurcation behaviors are coexisted in the equilibrium curves, thus further multi-mode bursting oscilla-
tions can be observed in the controlled system with different stimulus values .
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T FAE 20 T E RO R 2 — (BT =%5,2008) , 1625 B0 4 B FIAL 336 35 5l v e 25 S
YEA (E 21,2006 Lisman, 1997). 28 [0] RUE RGE 2480 I 2447 M WA kL ik i L AT A 02 o) 1)
RUEE (14 e S22 PR B[] RUE 1 38 K 285 22 ) 38 5 2 o 1) 7 R 9 195 7 3 (Rinzel , 19855 1zhikevich, 2000). £ %)
Tk, AT PR oM ok — il B K AR 5 7= A ILER 9 3 T2 (Rinzel , 1985) , X XUBBL I T Y #f 22
ORI AT Bl S35 00 A AU A BTk HEZR T, ZREME N REE S FRE 5187 R4,
A5 AR RS T RGN AR, IR AR S8, SRR BT RGN 537 B AR AR
(AR AT o3 30 T B oy 2345 R s, R e 435 1 = A AL EE

ST AR B 12 b, AT S A — A2 AR B 9 R G647 T V/F 20158 (Han et al., 2011; Bi et al.,
2014;Meng et al.,2019; da 355 ,2020) , EZEJ7 LK S0l k18 A8 S8, Dk vl LAR R A% G i
AT RN RGN AN 74T . T 2R 2 L R G R IS, BIA REt 5 s0)
T 22018 R 1l 2R SR 0 3N 12743 1 (Han et al., 2015 ; Han et al., 2017 ; 5K 57545 2017 ; Han et al., 2019 ; Wei
etal.,2021), R[] R4 SCBR R ) 22118 A0 e B A0 Ay (] — 18 A0 o 1) RS ERGA 2K . SR i 46y 1 il 24
EF-Be, K218 A8 5 ) S PR AR B, RAN T2 vk R RB AL B AN S AR i S H B,
LN AR h 2R GE R AT R A T ERAE ST A4 2 A0 BT AR 5 2 — (Han et al., 2015; Han etal., 2017).

ARSC LA P 28 AR i 2 TR R Ry 5] (G W45, 2016) 38 e 5 1A T 4 JL 10328 1k 18 4 5 380 Bl 20 ok A AR [
R E R G RE, RIAERUI A S RG] LU AR 2 2 i R AR G =X, I X SRR AR 7 L
FERIWEFE hORAR A WLRN A, FHEE R 50 25 A7 vk, XX e 22 B0 AT iR g o b, FRIDRIR A
PRIT R Ge i A G = o TS IRl A 23 108 i ey ke ) s M) . 445 SR 3R U IR A el A S5 i S I R e &
HENVHL, MEREZAN TESZE N BTSSR TR RERE - EE RS RIRG IS,
B UFPAS [ REARE 2 10 38R H B . AR S 1 kg PR 71 S0 il -5 28 0l v 1 HE = (A1) 6 R I B 2

| =B

ERUURURN PR D 28 0 22 TR (25, 20165 5K I DY 55, 2017 5 724§, 2019) A 40 T
dvs _ 4, cos (w,t) N Iys

-I.-1.-1,
C dt p Na K SL (1)
dw _ w, (Vs) —w
= () 2
dV, _ A, cos(wyt) Iy
C dt - l_p l_p ]DL7 (3)

Hep A cos(wir) (i = 1, 2) P FM ISR I0T, T SR D MR B 22 RIS 58 b7 48 60 2 fioh A 393 i A P O
A (i=1, 2) NEINIRIE, o (=1, 2)FRAEIRIAAE, R # (D) 735 id T AR VA
5 5% FL S W, A [R) S SO AR R B89 80 3~ A DL MR 5 2 00 R I R AR 0 5k R S e A R A
A, cos(w,1) Fb, BALHE R S 1) A A P PR L Log o S0 BB T FRLURE 1y, o A1 i) B0 G 3 FEL UL £, A s L O
Lo WO P52 B AR R 50, AR5 =300, 0 i s A FLIAE A, cos (o)« AR 1) LA 14 PR RS FEL O
it T HL I L, - 25 B IR R IE AN 1 = gauma VOV = By, L= gaw(Vs = E), 1y = ga (Vs = Eg),
Ly = g, (Vyy = V) . Eg, FLE I35 0 40 8 1 RN 5O AT RLAL 5 B M Ey 20 5) D LA ARG 5 L 3k T L 97
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rnm(VS)=(15{1 +tanh(L%;+vl)}, (4)
ww(VS)=O.5{I +tanh(L/S”, (5)
TM(VS)={cosh(L/Sﬂ . (6)

PEHCE G I SR R w, (= 1, 2)I/NTREEA B, R RGAAAEE WL 0 2205 [ R
R4 (Han et al.,2015; Han et al., 2017 ; 5K 585545 ,2017 ; Han et al., 2019, Wei et al.,2021), M2 H B &
HIPAE RN, HBh AT B A B 2rE, EERMNIRA H R . U8 b & R F 5 74T R = A AL
il A 73 T B (Lisman, 1997 ; 1zhikevich, 2000). ZR PR 43 B2 Jo iz [l i) 25 & 2 M8 A8 5, G BEXUE] 49
Bl cos(wt) (i = 1, 2)HATH B &, IBA RGEAFTER WA TRl 48 A48 i . G SR AR g 4k 31—~ R4k
o(7) Ko M FR XM E A, Bl cos(w,0) = fi(cos(wt)), i=1, 2, ARG IS A 1828 G
FPIE RS0, AT AT LA R0 434 ok i B A X = AR LT . 10 w, = 0.03, o, = 0.028F, HH
Mo, AN R WD 43 A cos (w,t) = cos (0.03¢) Fll cos (w,t) = cos(0.02¢), H & Moivre 2% 2 (Han et al.,
2015;Han et al.,2017), A cos(0.03t) = 4 cos®(0.01¢) — 3cos(0.012), cos(0.02¢) = 2 cos®(0.01z) — 1 %57,
I3 B AT LS cos (0.010) B AR GRS, idhr.

F10Z T ILAA R AUR AR %, I H G TS AR B 22 B RECC R, A TES
ZEAN R (R SR AR RGN 5 F A5 R R e, N4 7R B2 4 e == AR i 8l 2L ARG (1) -
)Y RRT R, KRR A& fER 3258 HMWSHIE R : ¢y, =50, A, =4,=100, g =15,
29=2, gn=2, p=0331, E, =50, E,=-100, E, =-70, E, =-70, ¢ =023, C=2, v,=-22,
v, =12, v, =18, vy =10, v, = 6.

R ANTEA BT A S0 B DA e S R
Table 1 Conversion of the two periodic and slow varying parameters into a single

and slow parameter function under different rational excitation frequencies

, w, cos(w,t) cos (w,t) e AR SR
0.01 0.01 cos(0.01z) = r cos(0.01z) = r r = cos(0.01z)
0.03 0.02 cos(0.03¢) = 4r - 3r cos(0.02t) =2r* - 1 r = cos(0.01t)
0. 04 0.01 cos(0.04¢) = 8* - 87 + 1 cos(0.01z) = r r = cos(0.01¢z)

2 RIS 8 A

BI~3 45 T R GAE 2 | I 3 AR TR S A 5 1 %) s ] g e ] R AR 7 14 P 3l 3 2453 A . A
DIEH, TESHRBUEMIEONT , R R RIE R A 35 e 1] T PRAS 53 B >F fiff g ok 4
SRR W35 7 A i s J 2L AR 1T I, BRAE R GE(1)-(3) IS B J r = cos (0.012), FKATHEH
B R GEI V- e T 2 P18 A8 S 80 A 9 53 2 T L
2.1 @, =0.01,0,=0.01 EEIRFEINIESHT

AR B H B B RRAEAE AT, PR R G (1) -(3) WA s e (ry V)T BB T — 4 STE 2
Mgk, b3 ATRE R (R Z) AR e FE R (RO AL h S 8 (RZ) 2R T SRR e (JE4) 4545
Wk, XERESSIM&ICNE, WIS TTAES R (R, R4 TWMRgE-1507, WA TSIE
2 B P25 AR Y B 4G (fold) 4375 s F R F,, DL R T SRR SR (Hopf) 4378 s H, BATT 43 56 R T
S A7 A5 00 T L B EL A AR AR N — X Al AR RIS Y 5 BbAh, FE H AR RS — 22 W Rk RO IE
i, i Hopf 4372 MG S0, RG AEARRUEN PR (Lisman, 1997) , ARG M X 28t A BRI A9 e 45
S LCRAME, W 1(0) A AR R ECRE, Horiae ORRUE ) IR FF A2 (250 B F0R
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%2 w,=0.01,0, = 0.01 B 44E-1 FCHIE

Table 2 Related data about the codimension -1 bifurcation points with w, = 0. 01,w, = 0. 01

Faxrgst (r, ¥ R
F, (0.204 608, - 14.917224) A, =-4.58426, A, =0, A, =3.58792
F, (0.262644, - 30.427959) A, =-6.41994, A, =-0.447282, A, =0
A, =-5.24458, A, ,=+2.22964i
H, (1. 108 215, 0.585525) . o C
M E R R BN 0.000207 2683 > 0
() ©,=0.01, 0,=0.011} F L5 KRS 1T H (b) HRE (4108 3 712 44
50 50 ' -
o l 0
~50 =50
A ™
~100 -100
-150 -150
-200 - - - -200 - :
0 500 1000 1500 2 000 2 -1 0 1 2
t r
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Fig. 1 Time series and the corresponding analysis with w, = 0. 01,w, = 0. 01

R T IR A RALE, AT RGAE (r, V) ERAHE R EINES 2 E L ATV, &S
ZHr = cos (0.012) I, RGNS ERE A SMZE, M55, SRS 24 fold 737 F, kR 3
32, RGEMFESIEAER; 5L F S G fe R 8 H 218 AR i 2 o R fE,; T
PRI EN RIS B M 228, BB FFRA fold 437, FoAHIE , X RG0S IS 845507 (SN-
IC, saddle-node on invariant circle), #H12& R T BRERSS 0 — A2 8 . RGP S A4 i i)
fold 7375 F, /6 M A, N MM R IR SNIC 23 2 n A B B, IR G042 T “fold/SNIC” B R 35
(Izhikevich, 2000). V£ & %) H, kb %t A48 28 280 r = 1.108 218 > 1, KB LM H, &S, REH M
Sk AR R AR BR R AN R SRR A A, T ARG R — TR (UL 1(a)).

2.2 ,=0.03,0,=0.02MEEIRFVIESH

[R5 1 T LIS 2R e e X AR (P o 2 I 4R, ani&l 2(o) firs . RS AN Rl 102, BT
BRI R K A TR IRl A R 08 AR S, DR BRI T R SR 3 B AR AN B2 AR ) AR A 5 T RUB
WO BT8R B e — i Y pR SRR B R AR A AN [R] T A AR R (L 1), PRGN [R] A BB
JihXE B AR TR R G, NIRRT 3R Ge i Al a5 S oy 2 AR 2 R AR e As . IMAE R — 3 AR T 61
fold 4375 11 1 4~ Hopf 737, AHICKLIE L2 3. XFHb 2, AILLLBE, fold 434 Al Hopf 43 72 Ak B4 AE A 75 il s
PHLEL IR 4 AR TR Fo . By M AR AR AE(EAR ) s F,o F ORI F AR RRFIE(EAR A . R T P f 5 5 3
2, MR, PS5 70 iR ) ZE SER I IN T W %, Ay BHC N B, M E,, BTER IR E 125 A5 R Ak

B —FF IR TR MR B, I . & SE- AR L, RGei B Re B8 28 B, n A3z 3,
FEZE T fold 7375 s F o i, M TP R AR, RGNFR B ABIMOR R . I F S 6 A Fae s s Rk —
BEWHE S, 28 fold 737 A5 FL BRER B AR E UMl SR B, b, IR — i AR B ZS . BEE 18 S50
riIGR, PRI T is s R LR E R Py, B RGBER P S 4k B, B 2 HKA fold 437 45U F,. fold 43
R F I LA R G — I AR, BT & B Hopf s H, P AE IR E I BRIz 5, HZRFAr
KME, MEREITRm Az ). RENLCFEPRIEAFESS, IR B3k h 3R~ s,
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Fig.2 Time series and the corresponding analysis with w, = 0. 03,0, = 0. 02
#3 w0, =0.03,0,=0. 028 434E - 1 FCEdE
Table 3 Related data about the codimension —1 bifurcation points with w, = 0. 03,0, = 0. 02
TP A (r, V) FHIEE
F, (0. 866408 35, — 14.917224) A, =-4.58426, A, =0, A,=3.58792
F, (=0.342 175, - 14.917224) A, =-4.58426, A, =0, A,;=3.58792
F, (-0.865 143, - 14.917224) A, =-4.58426, A, =0, A,=3.58792
F, (0.87788297, - 30.427961) A, =-6.41994, A, =-0.447282, A,=0
F, (-0.3826655, - 30.427961) A =-6.41994, A, =-0.447287, A, =0
F, (-0.836 127, - 30.427961) A, =-6.41994, A, =-0.447282, A, =0

A, =-5.24458, A, ,=+2.22964i

H, (1.0152 53, 0.585525) AR
S — 2SN R 22 50CM 0. 000207 2639 > 0

R0 TIRA AR (Han et al., 2015) Hp 2 T2 8 T “fold/fold” BRI R 7 , 7 4b— A FHEET
“fold/SNIC " HIFHIR . R GE M50 20 e AT — IARAELAS Py, 3 WA A5 %o I, 25 38 AN 918 7 T 10 e A1
2.3 w,=0.04,0,=0.01 FFEEIRFHINIESHT

HE3(b)ATLLE 1, EX AR, BAR RGN T 5 i A ML a5k, (RSP s i £ ith 37
B, SRR SN2 3 2, MR G AR AR B 2 SR 2(b) M E, ST A 2 i 2
Yk A, I T P fold 437 s F,, F LA Ke—A> Hopf 204 4 H, . AH 1 T3 34> 01 9 18 A8 S 40U
BUNF-1(0L3%4). HIL RG LA S St 3Rt -1 5075 5, (A5G Raue W V4 w4y 72 i 48 B, .
FHT T P AR 2B, BE LR — T O O T o ZE I A S i R <R B, b, WU Je U 36 e 1 YA o A £
SRR RS, BB IR BIR e B S R B, I . Z R iz sl ST B S, Bk &t F
iy i M2k By~ N FeUE 1 8 i i 2 — P U R B, R O RR B, gk mfiig sh B & r IR ME, FJE 3T
Bl eizsl, ISR EINEE), BT EE a5 Z 0P8 . R TE X R T RGERFEAL T
RA B AIRG HCRRE, IF HaxX B ATR A R W 3SRt . A TE BAH L, B P 5 B H
BT, Xk AR LA B AR e AT S IR B, RN E, R A T BRER, ML, RGPLAER B ST —
YRR BE 25 Bk ER . R G 4028 A PSR, R P, X I B A IR 7 U T I e AT, AR A5 P X
I - TR OB B SR IR

3 45 i

N3 1 RGHA BT RGN A BRI Ay /NG S SRR, RG R BT W2 09 22 R0,
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Fig.3 Time series and the corresponding analysis with w, = 0. 04,w, = 0. 01

#4 w,=0.04,0, = 0.01 B 441 FICHIE

Table 4 Related data about the codimension —1 bifurcation points with w, = 0. 04,w, = 0. 01

OrE A (r, V) FHIEH

F, (0.895959 81, — 14.917224) A, =-4.58426, A, =0, A, =3.58792
F, (0.359696 16, — 14.917224) A, =-4.58426, A, =0, A, =3.58792
F, (-0.25397055, - 14.917224) A, =-4.58426, A, =0, A, =3.58792
F, (-1.001 6854, — 14.917224) A, =-4.58426, A, =0, A, =3.58792
F, (0.906 05078, — 30.427961) A, =-6.41994, A, =-0.447282, A,=0
F, (0.3320133, - 30.427961) A, =—-6.41994, A, =-0.447287, A, =0
F, (-0.230163, - 30.427961) A, =-6.41994, A, =-0.447282, A, =0
F, (-1.0079008, ~ 30.427961) A, =-6.41994, A, =-0.447282, A, =0
H, (1.0106363, 0.585526) Ai="3.24458, 4, ;=22 229641

— RS S R ECH 0. 000208 7339 > 0
H, (-1.082 1144, 0.585526) A1 =75.24438, A, = £2.22964i

o — 2R S R0 0. 0002035047 > 0
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